Radiative corrections to the annihilation of proton-antiproton into electron-positron are revisited, including virtual and real (soft and hard) photon emission. This issue is relevant for the time-like form factors measurements planned at the PANDA experiment at the FAIR facility, in next future. The relevant formulas are given. A stand-alone Monte-Carlo integrator is developed on the basis of the calculated radiative cross section and its application to the PANDA experiment is illustrated.
Introduction
The elementary annihilation processp + p → e + + e − and the time-reverse reaction e + + e − →p + p contain direct information on the proton electromagnetic form factors (FFs) . FFs are fundamental quantities that conveniently parametrize the electric and magnetic currents in the proton. The kinematical region accessed by annihilation reactions is the time-like (TL) region of transferred momenta q 2 , where q 2 is positive. Assuming that the reactions occur through the exchange of a virtual photon of four momentum squared q 2 , the annihilation cross section is parametrized in terms of two complex amplitudes, that are functions of q 2 only. At the leading order in the fine electromagnetic constant, α = e 2 /4π ≈ 1/137, (Born approximation), the cross section contains the moduli squared of FFs, and shows a linear dependence in cos 2 θ, where θ is the angle of the produced electron in the center of mass system (c.m.s). The precise measurement of the angular distribution of one of the final particles allows to access directly the electric and magnetic FFs [1] .
However, the charged particles involved in the reaction irradiate and the emission of real or virtual photons requires higher order corrections to the measured cross section in order to recover the Born cross section ( Fig. 1 ) and extract TL FFs.
Extensive literature is dedicated to radiative corrections to electron proton scattering (for a recent review see [2] ), few works were previously dedicated to this phys-ics issue in the context of the physics program of the PANDA [3] experiment at FAIR [4] . In space-like (SL) region updated radiative corrections calculations were made necessary by the program of FF measurements at the Jefferson Laboratory, at large transferred momentum. Following the Akhiezer-Rekalo polarization method [5, 6] , the GEp collaboration measured precisely the ratio of the electric G E to magnetic G M FFs in a series of experiments [7] and found a large deviation from unity, contrary to what previously suggested by unpolarized cross section measurements, using the Rosenbluth method [8] .
Among the possible explanations of this discrepancy: normalization issues in the data [9] , correlations in the parameters of the Rosenbluth fit [10] , radiative corrections at higher orders [11] or more precise first order corrections [12] , the community largely focussed on a possible enhancement of the two photon exchange mechanism [13] . Model dependent calculations showed that a large effect increasing with Q 2 = −q 2 could be indeed found [14, 15] . An exact calculation is not feasible, because one should know the Q 2 dependence of the FFs for all intermediate proton excited states. Model independent considerations, however, predict that the two photon contribution introduces charge odd terms, that are sources of non-linearities in the Rosenbluth plots, in SL region, and of odd powers of cos θ terms in TL region. As for today, no experimental evidence of enhancement of the two photon exchange contribution has been found (for a recent discussion, see [16] . The importance of this issue is related to the fact that, in presence of multi-photon exchange, the formalism that relates the observables to FFs does not hold any more. Instead of two real FFs, function of Q 2 , the scattering process would be described by three amplitudes in general complex functions of two kinematical variables [17, 18] . It would be still possible to extract the real FFs, functions of Q 2 but at the price of difficult measurements of polarization observables, including double and triple polarizations, of the order of α. Attention should be given to this problem, because even a few percent relative contribution of the two photon mechanism, would bring when neglected large inconsistencies in the FFs extraction. In the TL region, the two photon exchange contribution could be easier to be measured. Having a precise angular distribution, the sum (difference) of the differential cross section at complementary angles cancels (enhances) the charge odd contributions. The sum of cross sections for θ and π − θ would still be an even function of cos θ, and of G 2 E,M Q 2 [19, 20] .
In the TL domain, precise radiative corrections have been implemented for experiment at electron-positron colliders at LEP and more recently for BESIII [21, 22] . The necessary high precision is obtained with Monte-Carlo based on the lepton Structure Function method [23] that allows to take into account higher orders in the leading logarithmic approximation.
The feasibility studies for the measurement of thepp → e + e − process have been performed [24] , and more recently within the PANDARoot framework [25] , at the different energies accessible by the PANDA experiment. The expected precision on the measurements of |G E |, |G M |, and on their ratio R were evaluated, assuming an integrated luminosity of 2 fb −1 per beam momentum setting. The results of the simulations show that the proton form factor ratio can be measured with a total relative uncertainty between 3.3% at s = 5.08 GeV 2 and 57% at s = 13.9 GeV 2 , including both statistical and systematical uncertainties. The relative uncertainty on |G E | (|G M |) is between 2.2% (3.5%) and 48% (9.7%). The measurement of total cross section, that gives an effective form factor, can be in principle extended to higher energy values (∼ 40 GeV 2 ) depending on the real experimental efficiency.
The PANDARoot analysis program includes the package PHOTOS [26] for the calculation of radiative corrections, which are not specific to the annihilation reaction p + p → e + + e − . In particular the odd effects that may arise from initial (ISR) and final (FSR) state radiation interference (INT) are not taken into account. These effects may induce large errors, if neglected, for the extraction of FFs, as they destroy the symmetry of the angular distribution. Monte-Carlo simulations indicate that the precision of the FFs measurement at PANDA will be of the order of few percent in the near threshold region, becoming larger at larger energy [24, 25] . Therefore it is necessary to quantify high order effect although first order calculations seem sufficient at this stage to be implemented in the data analysis. Radiative corrections (RC) due to the emission of real and virtual photons do affect the measurement of the experimentally observable quantities, in particular the Figure 1 : Feynman diagram for the process (1) at tree (Born) level. differential cross section. The individual determination of the electric and magnetic proton FFs requires the precise knowledge of the angular distribution of the final lepton, in shape and in absolute value.
The motivation of this paper is to derive and collect the relevant formulas for soft and hard photon emission in p + p → e + + e − in a convenient form to be implemented in a stand-alone Monte-Carlo integrator and to compare the results of the simulations with previous calculations.
The paper is organized as follows: Section 2 gives the notations of the four momenta and the definitions and formulas for the Born cross section. Section 3 contains the evaluation of different radiative contributions to the process. These contributions are presented in the corresponding subsections: subsections 3.1 and 3.2 give the expressions for virtual radiative corrections and for soft real photon emission contribution to the Born diagram and compares to the existing calculations, while subsection 3.3 is devoted to the hard photon emission overview. Section 4 gives the results in form of tables and figures, proving the stability of the numbers with respect to the relevant parameters. And in Section 5 one can find our conclusion on the result obtained.
Born cross section
The basic process is
where the particle four-momenta are indicated in parentheses. It is illustrated in Fig. 1 . The masses of particles are denoted in the following way: M is mass of proton (p 2 1 = p 2 2 = M 2 ) and m is mass of electron (k 2 1 = k 2 2 = m 2 ). The velocityies of the proton, electron and any fermion f with mass m f are:
In the kinematical conditions of PANDA the electron mass m can be neglected (i.e., k 2 1 = k 2 2 = 0 is set everywhere possible), then β e → 1, but the proton mass M can not be neglected, therefore, for simplicity, the index p in the definition of β p is neglected and β p is replaced with the notation β ≡ β p in all formulas below.
The relativistic kinematics of process (1) is described in terms of Mandelstam invariants:
where θ is the scattering angle between the directions of the antiproton beam and of the final electron k 2 in the c.m.s of initial particles, E = √ M 2 + P 2 (P = |p 2 |) is the energy(momentum) of the antiproton in the laboratory (Lab) frame (for the proton target: p 1 = 0). The antiproton beam momentum range in PANDA is P = 1.5 ÷ 15 GeV. The following relation holds:
based on the 4-momentum conservation. In the Born approximation and in c.m.s. of the initial pp-pair the differential cross section has the form [1] :
where the electric G E and the magnetic G M Sachs FFs of the proton [27] are related to the Dirac and Pauli form factors F 1,2 by:
where τ = q 2 /4M 2 . The four momentum transfer at the proton vertex at the Born level is
At zero momentum transfer the electric and magnetic form factors are normalized respectively to the charge and to the magnetic moment µ p = 2.79 of the proton expressed in nuclear magnetons, i.e., G E (0) = 1, G M (0) = µ p and, correspondingly, the Dirac and Pauli form factors
In the assumption of a point-like proton one has:
and the Born cross section then reads as:
Different models and parametrizations exist for the nucleon form factors. We will use either a modified dipole parametrization:
where M 2 0 = 0.71 GeV 2 or the vector dominance model extended to the TL region from [28] .
The Born cross section depends on FFs, which parametrization have in general been fitted on the existing data. It turns out that the results of radiative corrections depend very weakly on the FF model.
Radiative corrections
The radiative corrections to the process (1) at the next to leading order in α include virtual photon emission such as vertex corrections, vacuum loops and the exchange of two photons, as well as real photon emission, from initial and final states, and their interferences. The total amplitude M tot is the incoherent sum of the amplitudes for the two different final states: e + + e − including the Born diagram M B and the virtual corrections M V , and e + + e − + γ describing the real photon emission M γ in the initial (ISR) and final (FSR) states:
where the amplitudes M V and M γ contain the following contributions:
Considering the contributions of the order of α 3 we can write:
Therefore cross section with radiative effects of order α 3 can be written as:
Virtual photon contributions
The one-loop virtual photon contributions have been calculated in the literature (see, for example [29] ). We recall all of them for completeness here. In this section we use the point-like proton approximation, Eq. (10). The total oneloop virtual corrections include the decomposition (15) of the virtual corrections amplitude:
1. the boson self energies (or vacuum polarization), i.e., M V P , 2. the corrections to proton (M p ver ) and electron (M e ver ) vertices, 3. the two-photon exchange or box-type contributions,
Below we present all these contributions separately. 
Boson self-energy
The boson self-energy contribution corresponds to the diagram shown in Fig. 2 where the vacuum polarization operator Π(s) has the following terms (see Fig. 3 ):
where
where we use the following notations for the logarithms:
The τ -lepton contribution Π τ can be found by substitution Π τ (s) = Π µ (s)| µ→τ . To evaluate the hadronic contribution we consider the charged pion loop contribution:
Vertex corrections
The vertex corrections correspond to the diagrams shown in Fig. 4 where the proton and electron vertices are modified by additional virtual photon exchanges. This contribution leads to the following modification of proton and electron FFs of the order α with respect to the Born level contributions (10):
where the functions F
(2) i are given below. The modification of proton vertex then reads as:
This contribution is infrared divergent and is regularized by introducing a fictitious photon mass λ which cancels with the soft real photon emission contribution according to the procedure described in [30] . The electron vertex modification leads to
Box-type corrections
The box-type contributions are illustrated by the diagrams presented in Fig. 5 and implement two virtual photons exchange mechanism. The box-type contributions are illustrated by the diagrams in Fig. 5 and describe the exchange of two virtual photons. The interference of the box amplitude M box (15) with the Born amplitude M B (17) is expressed through the following function:
and for the logarithms we use the following notations:
It is worth to be noted that the coefficient in front of L Mλ in (28)
is proportional to the modulus squared of the Born amplitude.
Total virtual corrections
Summing the Born contribution and all virtual corrections presented above the differential cross section can be written in the form:
Again we note that quantities F
e and I(s, t, u) contain infrared divergences that are regularized in terms of ln λ. Those divergent terms cancel in the sum with soft photon emission contribution, see below for details. 
Soft real photon emission
The real photon emission process
is illustrated by the diagrams of Fig. 6 ). It has to be taken into account since in any detection there is an energy threshold ∆E ≪ √ s below which the emitted photons are not detected. Such events can not be considered as elastic events. This is the reason why pure elastic events are not physical and one of the consequence of this fact is that the virtual corrections discussed in the previous section have infrared divergence. Nevertheless the measured quantities are finite and with a definite physical meaning. In case of radiatively corrected cross section (at the next to leading order in α), the minimal experimentally measurable set of contributions contains Born terms, virtual corrections and emission of one real soft photon (i.e., the photon energy ω is smaller than the experimental threshold, ω < ∆E).
Again the infrared divergence of the soft photon emission is regularized with a fictitious photon mass λ (i.e., ω > λ).
In this approach the sum of all the contributions mentioned above is finite and does not depend on the photon mass λ. This procedure is the standard implementation of Bloch and Nordsieck idea [30] of infrared divergencies cancellation. Thus, the soft photon emission is evaluated in the soft regime where the photon c.m.s. energy, ω, is constrained by λ < ω < ∆E ≪ E = √ s/2. All numerical applications in this paper are done for ∆E/E = 0.01. The charge even contribution to soft photon emission (the sum of the ISR and FSR contributions) was calculated in [29] :
where the function Φ(β) is:
and satisfies the relation Φ(1) = −π 2 /6. The expression (34) Here we recalculate these charge even contributions separately. The soft photon emission from the proton line (initial state radiation, ISR) can be written in a more symmetric form:
that coincides with Eq. (29) in [32] . The soft photon emission from the electron line (final state radiation, FSR) can be obtained from the expression above with the following replacement:
This result for FSR agrees with formula (29) from [32] and it is in a good agreement with equation (36) in [31] because the approximation 1 βe log 1+βe 1−βe ≈ log s/m 2 holds for PANDA energies with very good accuracy.
Charge odd contributions arise from the interference of ISR and FSR terms of the amplitude. Let us note here that this contribution was calculated in Ref. [31] , Eqs (37) and (38) , but this result is not symmetric with respect to the masses of proton and electron. This contribution is recalculated here following the formalism of [33] , leading to a symmetric result (both under the particle masses and under the Mandelstam invariants interchange):
where the function R is defined in formula (A.11) from [33] and has the form:
A(s, t) = 1
, and
The functions U ij in Eq. (40) have the form:
Hard real photon emission
In some experimental setup it is not possible to separate elastic events (including soft photon emission) and inelastic events, when an additional hard photon is emitted. Even if one can detect such events, the energy threshold of the detection may be too high and the soft photon approximation is no more valid. In these situations one needs to take into account precisely hard photon emission, without approximations as far as it is possible. The calculation of hard photon emission requires to take into account the proton structure, what is not necessary in the case of soft photon approximation considered in Section 3.2. Note that the box-type diagrams considered in Section 3.1.3 suffer of the same difficulties and they are solved in a similar way as described in this section.
A simple way to take the proton structure into account consists in introducing proton form factors in the protonphoton vertices in the diagrams of Fig. 6 . However, this leads to gauge invariance violation and requires a specific treatment to restore this invariance. Moreover, in the first two diagrams of Fig. 6 , the intermediate proton propagator is off-mass-shell and the usual form factors F 1,2 q 2 cannot be used in this context, since they are defined for the case when both proton lines in the vertex are on-massshell.
In such case, one cannot just use vertices with off-massshell external legs (extrapolated in some model-dependent way). It is also necessary to take into account any possible "excited proton propagator". For example, in a mesonbaryon approach, other diagrams must be taken into account: ∆-resonance intermediate state, extra pion exchange connected to the proton line, two pion exchange, three pion exchange etc. A consistent calculation would be realistic and gauge invariant but there is no consensus about how to proceed.
Therefore, at the light of these arguments, we estimate the hard photon emission contribution in the following way:
1. We calculate the Born σ 0 B and hard photon emission σ γ cross sections using the point-like proton approximation (10) and estimate the correction δ γ from (18) to the ratio of these two cross sections:
2. The corrected cross section is then estimated using Eq. This approach allows us to keep the gauge invariance and the consistency of our calculation obtaining a realistic value of the corrected cross section which, in case of pointlike proton, would be much larger than the experimental values.
The previous calculations of hard photon emission for the reaction of interest contain also approximations. In Ref. [29] the calculation of hard photon emission is performed under a similar assumptions of point-like proton, but in ultra relativistic approximation when s ≫ M 2 , which is not the case for PANDA. This calculation is exact for the reaction e + e − → µ + µ − and can be compared to the results of [34] . The authors of Ref. [31] attempted to restore the proton mass dependence and the role of the proton structure. For the calculation of hard photon emission, the proton structure is present in the Pauli form factor, related to the anomalous magnetic moment of the proton (see Eq. (C.2) in [31] ). This approach is inconsistent, as virtual corrections (modified vertices and box-type diagrams) are evaluated in point-like approximation and neither form factors nor dynamical structure of the proton are included.
The aim of this section is to calculate the hard photon contribution and give expressions that can be applied to the conditions of acceptance and kinematics of the PANDA detector. The calculation follows these steps:
1. The cross section of the radiative process (33) is written as the squared amplitude of the real photon emission process, setting the following condition on the energy of the emitted photon in c.m.s of the initial particles: ω > ∆E. This condition characterizes the definition of hard photon. 2. The amplitudes for ISR (fist two diagrams in Fig. 6 ) and for FSR (the last two diagrams in Fig. 6 ) are written and coherently summed, giving a term for ISR, a term for FSR and an interference term (INT). 3. Radiative invariants are chosen and expressed through the observable quantities. 4. The phase space and the Gram determinant are expressed in terms of these invariants. 5. A factor Θ P (under the integral) is defined in order to implement the necessary experimental cuts including the conditions of the PANDA detector. 6. The numerical integration is done and the independence of the result of the choice of ∆E is verified. The differential hard photon cross section for the process (33) is:
is the factor that limits the energy region for the hard photon and
is the full phase space of the reaction. Here ε 1,2 and k 1,2 are the c.m.s energies and 3-momenta of the final electron and positron, respectively, and ω and k are the energy and 3-momentum of the emitted hard photon. The matrix elements (amplitudes) corresponding to ISR and FSR (see Fig. 6 ) take the form:
where Q f is electric charge of the particle f in units of proton charge, q 1 is the momentum transfer after hard photon emission, i.e., q 1 = q − k, and the usual expression for proton vertex is
The form factors F 1,2 (q 2 ) are taken in the point-like approximation (10) . Squaring the amplitude one finds:
The ISR term has the form:
The INT term is:
Invariant phase space parameterization
First, the phase space dΦ 3 is parametrized in terms of invariants (see Table. 1 for definitions). It should be noted that only the invariant s does not change in nonradiative and radiative cases, all other Mandelstam invariants (3)-(5) are modified in the radiative case. The invariant t is 
related to the electron emission angle cos θ in the c.m.s by (see Ref. [35] ):
Then, the radiative u is:
The analogue of the relation (6) in the radiative case is:
Then real photon energy has the form:
and the hard photon cut factor then is
The dependence of the differential cross section on the emission angle can be given now in terms of invariants. For this aim, the phase space dΦ 3 is expressed in form of the standard Gram determinant ∆ 4 [36] :
Then we can write:
where the Gram determinant ∆ 4 = −R/16 is expressed through the determinant of a matrix G, that is composed of the scalar products of the four 4-momenta:
The acceptance conditions for the PANDA detector have to be implemented. Minimal requirements, for testing the procedure can be considered:
where ω max is the maximum energy of the Bremsstrahlung photon (in c.m.s). The θ P factor in general takes the form:
where the quantities E min e − , E max e − , θ min e − , θ max e − and similar ones for the e + are given by the experimental conditions. The quantities E lab e − , θ lab e − are then expressed via radiative invariants
and have to be substituted in (55) to perform the integratation according to the PANDA detector acceptance.
Physical phase space parameterization
In this section we parametrize phase space dΦ 3 in terms of physical variables which are convenient for an experimental setup. We follow the G/N -method [37] (which does not use separation of soft and hard photon energies at all) which uses infinitesimal parameter λ as a photon mass. The we get the cross section for Bremsstrahlung process in the form:
where |k| max is the maximum 3-momentum (in modulus) of the emitted photon and ε 1 and ε 2 are the energies of final electron and positron in c.m.s and
A ≡ cos( p 5 , k 2 ) = sin θ sin θ 5 cos ϕ 5 + cos θ cos θ 5 ,
where the notations of vectors and angles are illustrated in Fig. 7 . For convenience we introduce the auxiliary vector p 5 which is defined as p 5 ≡ −k, i.e., θ k = π − θ 5 , ϕ k = π + ϕ 5 and the components of the 3-vectors are:
The energy of the positron ε 2 is fixed by energy conservation:
For simplicity, the integration variable |k| can be replaced by ω, then:
where ω max is the maximum energy of the Bremsstrahlung photon. λ is conserved in the expression of the integrand, i.e., for example, |k| = √ ω 2 − λ 2 . The radiative invariants in i R i are expressed in terms of energies and angles as:
where E 1,2 are the energies of the initial proton and antiproton in c.m.s.
Numerical analysis
On the basis of the calculated cross section, two developed computer codes have been developed, namely a cross section calculator and a proper Monte Carlo event generator. In these programs, the user has full flexibility to define the kinematic region, set the values of the different parameters (fictitious photon mass, softness threshold, maximum energy of Bremsstrahlung photon, etc.), and also the possibility of including or excluding each of the radiative corrections terms, as long as the cancelation of divergencies is not violated. The latter feature will make both programs ideally suited for radiative corrections studies, including an accurate comparison of the results that will be obtained in PANDA with other experiments.
In the following subsections we present the numerical results for radiative corrections using the formulas obtained in the previous sections.
Virtual and soft real photon emission
First we prove that the sum of virtual corrections with soft photon emission contribution is free of infrared divergence. We regularize this infrared divergence by attributing to the photon a fictitious small mass λ. Numerically it is convenient to take this quantity small with respect to the total energy of the process, i.e. say 10 −6 < λ/ √ s < 10 −3 . Table 2 gives the results of first order RC calculation at s = 5.04 GeV 2 , for different emission angles of electron, θ, and with the threshold for soft photons ∆E/E = 1%. The table shows the stability of the calculation on the fictitious photon mass λ. The calculation is very stable for any value of λ on four orders of magnitude. However, when λ is too large (say, λ > 10 −4 √ s) the soft photon approximation becomes invalid and may lead to unphysical results, such as negative radiative cross sections. Figure 8 (left) displays the radiative (virtual corrections and soft photon emission) differential cross section of the processpp → e + e − as a function of cos θ at s = 5.08 GeV 2 , corresponding to an antiproton momentum p = 1.5 GeV in the Lab frame. This value has been chosen as it will be the lowest available at PANDA. The values of the FFs, |G E | = 0.16 and |G M | = 0.12, are taken from the vector meson dominance model [28] . The corresponding angular distributions of the electron and the positron for a sample of 10 6 generated events are shown in Fig. 8 (right) .
In Fig. 9 , the different terms contributing to the virtual corrections and the contribution from the soft photon emission are plotted versus cos θ for s=5.08 GeV 2 . The largest correction is the vertex correction from the electron vertex, that is constant in the angle. Then, the largest effects are given by the charge odd terms, i.e., the box diagram and the soft photon emission, that induce opposite forward-backward asymmetry. One can see that the vacuum polarization, the virtual corrections from the lepton and hadron vertices are θ independent, and therefore induce only a rescaling of the differential cross section.
The formulas without approximations from Ref. [29] , have been implemented, except for Eq. (27) of [29] . The soft ep interference has been calculated from Ref. [33] . The difference between the exact first order calculation and the approximated one for the soft ep interference are mostly due to the approximation s ∼ −t ∼ −u ≫ M 2 in Eq. (27) of Ref. [29] , which does not hold in the backward and forward angular regions. The results are reported in Fig. 10 for ω/E = 1% at s=5.08 GeV 2 (top) and s=12.9 GeV 2 (bottom). These figures illustrate the effect of neglecting the proton mass and of accounting for the central angular region only.
Virtual, soft and hard real photon emission
Next we prove the λ-dependence cancellation when including hard photon emission. In Table 3 the virtual corrections and the sum of soft and hard photon emission (18) and evaluated using (32) (column IV), soft real photon relative correction δ γ defined in (18) and evaluated using soft photon approximation by summing (36) , (37) and (38) (using Eq. (64) are shown. The stability of the sum with respect to λ is worse than in Table 2 , due to the Monte Carlo multidimensional integration of hard photon emission. Howevere, the stability of the numerical results including hard photon remains at the 1% level or better.
Finally we show that the total radiative corrections including virtual, soft and hard photon emission do not depend on the soft photon parameter ∆E which delimits the regions of soft and hard photon emission. In Fig. 11 the three components charge-even : ISR, FSR and their charge-odd interference of the radiative corrections at s = 5.08 GeV 2 are illustrated, from top to bottom. The dashed lines are the sum of virtual corrections with the corresponding soft photon emission with photon energy ω < ∆E. The boson self energy contributions are included in the upper plot. The dotted lines correspond to hard photon emission with photon energy ω > ∆E. SThe solid lines are the sum of these two contributions. One can see that when scanning over a wide range for ∆E, the soft and hard photon emissions show a ∆E-dependence while their sum does not. The distributions of the electron polar angle cos θ are illustrated in Fig. 12a . One can see that the interference between photons emitted from initial and final states leads to a forward-backward asymmetry in cos θ distribution. The differential cross section of the reactionp → e + e − γ reaches its highest values at small photon polar angles relative to the direction of the final state electron and positron (Fig. 12b ). The distributions of the photon polar angle cos θ k are illustrated in Fig. 12c . In the considered reference system, this angle is the opening angle between the photon and this initial state antiproton. Fig. 12d shows the energy distributions of the emitted photon. Soft and hard photon contributions are included.
In these simulations, the photon energy range is taken from λ = 10 −5 √ s up to w max = 0.3 √ s/2. The value of w max is typically above the energy resolution of the PANDA detector and can be used as an experimental cut to select the signal events pp → e + e − (γ) (e.g ω < w max . To suppress the background channels, one can also apply a cut on the invariant mass M e + e − of the e + e − system (Fig. 12e ), e.g. a < M e + e − < b, where the values of a Table 3 : The λ-independence of total relative corrections to cross section including hard photon emission at different scattering angles θ and maximum Bremsstrahlung photon energies ω max . V stands for virtual corrections (extracted from (32)), R is for real photon emission contribution according to (64).
10 and b are chosen in order to achieve a high background suppression factor keeping a good signal efficiency [25] .
The (Fig. 12f ) are due to hard photon emission. The differential cross section for the processp → e + e − γ presents some peaks that correspond to the situation when the emitted photon is collinear to the direction of the electron or positron. This leads to a reduction in the efficiency and in the accuracy of the Monte Carlo algorithm. To absorb these peaks and allow a fast event generation, the Importance Sampling method [38] has been used. Jacobian transformations of the two variables, the photon polar angle and energy, have been performed as described in Ref. [39] .
Conclusion
The precise measurements of the TL electromagnetic FFs of the proton expected at the future PANDA experiment via the reactionpp → e + e − , require to take into account radiative corrections. Although several packages dealing with radiative corrections are available on the market, none of them is entirely suitable for PANDA. In this work, the next-to-leading-order (NLO)pp → e + e − differential cross section has been calculated in the point-like approximation, including both virtual and real corrections.
Relying on the method developed in Ref. [29] , the full set of calculated virtual corrections include vacuum polarisztion (with all leptons and a point-like pion in the photon loop), corrections to both electron and proton vertex, and two photon exchange. On the other hand, real corrections including initial and final state radiation, and the interference between them, have been re-calculated in this work, in the spirit of the classic references [32] and [33] for the reactions e + e − → µ + µ − . In the soft photon regime, infrared divergences from singular virtual diagrams are cancelled out with the corresponding real diagrams. On the other hand, the regularisation of infrared divergencies of the Bremsstrahlung cross section is based on the introduaction of a small photon mass as a parameter, which makes the calculation applicable to both the soft and hard photon regimes. The calculated cross section is at the basis of two computer codes which can be included in the PANDA physics analysis framework. A Kinematical quantities in c.m.s expressed in terms of invariants
The expression of the physical kinematical variables are given in terms of the radiative invariants (see Table 1 ). All formulas in this section are given neglecting the quantities m and λ.
The photon energy
:
2. The photon momentum k polar angle:
3. The photon momentum k azimuthal angle:
cos ϕ k = − A + cos θ cos θ k sin θ sin θ k ,
4. The electron energy:
if v < z s−z s+z .
(69) 5. The positron energy:
θ cos 
